We present an approach based on a non-Hermitian Hamiltonian to describe the process of measurement by tunneling of a phase qubit state. We derive simple analytical expressions which describe the dynamics of measurement, and compare our results with those experimentally available.
Introduction
The superconducting phase qubit has significant potential applications in quantum information processing due to its convenient functional operations, its capability to reduce the effects of noise and decoherence, and its future utilization in scalable quantum computers 1,2 . The improvement of the fidelity of the qubit state measurement still remains one of the main issues.
In this paper, we propose an approach based on non-Hermitian Hamiltonians to describe the dynamics of measurement of the superconducting phase qubit state 1,2,3,4,5,6,7 . We obtain simple analytical expressions for the probability of tunneling to the continuum. We compare our theoretical results with experiments on superconducting phase qubits 3,4 and demonstrate that our theoretical predictions are in a good agreement with the available experimental data.
The non-Hermitian approach to superconducting phase qubit measurement
Non-Hermitian Hamiltonians naturally appear when the energy spectrum of a quantum system can be formally represented by both quasi-discrete (intrinsic) and continuous parts, and one performs a projection of the total wave function onto the quasi-discrete part of the spectrum 8,9,10,11,12,13 . In this case, the corresponding intrinsic energy levels acquire finite widths which are associated with transitions from the intrinsic states to the continuum. Then, the dynamics of the intrinsic states can be described by the Schrödinger equation with an effective non-Hermitian Hamiltonian 12,13 . We consider the current-biased qubit-continuum detector system based on a Josephson junction, which can be described by the Hamiltonian ( = 1) 7 :
where ω n is the energy of level |n . The set of states {|n , |E } forms a complete Hilbert space basis, so that an arbitrary state vector |ψ can be expressed as
We use the following notation for qubit states: |0 = | ↓ and |1 = | ↑ . The non-vanishing matrix elements, β mn (t), are given by β 12 = β 21 = Ω 0 cos(ωt + ϕ), where Ω 0 is the on-resonance Rabi frequency and ω is the frequency of the biased ac current, I ac (t). In general, the tunneling amplitudes, α n (E), are complex and depend on the total energy. Applying the Feshbach projection method 7,9,10,11 , we obtain an effective nonHermitian Hamiltonian,H ef f = H−iW, which describes the dynamics of the qubit, where
and
Here we consider the case in which the α n 's are real constants. Then, in terms of tunneling amplitudes, the rates of tunneling into the continuum are: Γ 0 = 2πα
The state of the qubit is controlled by a current I(t) = I dc − I µw cos(ωt + ϕ) with a dc bias current, I dc , and a time-varying bias current, I ac = I µw cos(ωt + ϕ), with frequency, ω 5,14 . The bias current, I dc , can be chosen so that the tunneling is mostly from the upper level |1 4 . (See Fig. 1.) In what follows, we study the dynamics of quantum measurement by tunneling of a superconducting phase qubit in the limit Γ 1 ≫ Γ 0 , γ 10 , γ ϕ , where γ ϕ is the dephasing rate. (We will discuss interaction with environment elsewhere a .) Fig. 1 . A superconducting phase qubit radiated by a microwave field; δ is the gauge-invariant phase difference of superconducting order parameter across the junction; γ 10 denotes the rate of energy relaxation from |1 to |0 and Γ 1 (Γ 0 ) denotes the tunneling rate from level |1 (|0 ).
Rotating wave approximation
In the rotating wave approximation, by removing fast oscillations, we find that H ef f →H, whereH
Here λ 0 = ω 0 + ω 1 ; ∆ = ω 10 − ω is the detuning (with ω being the microwave frequency; and we denote ω 10 = ω 1 − ω 0 ). We neglect here the off-diagonal term Γ 01 , which describe the interaction between the two tunneling channels. We let the wave function |u(t) = C 1 (t)|1 + C 0 (t)|0 describe the qubit state. We assume below that u(0)|u(0) = 1. Then the solution of the Schrödinger equation with the a In a more complete model 7 , we consider the dynamics of the system within the generalized master equation in the Lindblad form,ρ = −i[H, ρ] + Lρ − {W, ρ}, where {W, ρ} = Wρ + ρW and non-Hermtian Hamiltonian (5) can be written as
the upper level population is ρ 11 (t) = |C 1 (t)| 2 and the lower level population is ρ 00 = |C 0 (t)| 2 . In what follows we compare our theoretical results with experiments on quantum state tomography of a superconducting phase qubit 3 , and with the data obtained in the experiments observing coherent temporal oscillations between the quantum states of a Josephson tunnel junction 4 . In both experiments the tunneling rate from level |1 is more than 10 3 times that from level |0 . So the total tunneling rate to the continuum is determined by the population of the upper level. The bias current was chosen so that the tunneling from level |0 is "frozen out" and escapes mostly from the upper level 3,4 . Therefore, the time-dependent tunneling probability is defined by the upper level population ρ 11 (t).
In Fig. 2 we present our analytical solution for evolution of the Bloch vector, n(t) = u(t)|σ|u(t) . The decay rate, Γ, and the on-resonance Rabi frequency, Ω 0 , are taken from 3 : Γ = 0.035 ns −1 , Ω 0 /(2π) = 80 MHz. Note, that the following relation between the density matrix and the Bloch vector, ρ = (n1 1 + n · σ)/2, takes place. Our theoretical predictions shown in Fig. 2 are in a good agreement with the experimental data and with the numerical calculations reported in 3 .
In Fig. 3 we compare our theoretical results with the reported experimental data 4 on evidence for the Rabi oscillations in a current-biased qubit based on the Josephson junction. The Rabi frequency, |Ω|, and decay parameter, Γ, are chosen as in 4 : |Ω| = 8.9 · 10 6 rad/s and Γ = 0.204 µs −1 . The initial state |u(0) = 0.956|0 + 0.291|1 , the detuning ∆, and the on-resonance Rabi frequency, Ω 0 , are obtained by the fitting data to Eq. (8) . We see good agreement between the experimental data and the predicted theoretical behavior. We find that our time-dependent upperlevel population is a better fit to the experimental data than the theoretical results presented in Ref. 4 by Eq.(5). However, additional information on the experimental data is required for better comparison.
In the experiment reported in 4 , the total tunneling probability was identified as the upper level population given by, This is a particular case of our expression (8), corresponding to the choice C 1 (0) = 0.
Tunneling into the continuum at zero ac current
The fast frequency detector described in 17 is based on a superconducting phase qubit tunneling into continuum. In particular, the measurement is performed with ac current, I µw , equal to zero. Suppose, that initially the superconducting phase qubit is prepared as a superposition of ground and excited states. Writing |u(t) = C 1 (t)|1 + C 0 (t)|0 , we obtain the time-dependent amplitudes C 0 (t) and C 1 (t) as solution of the Schrödinger equation
where Ω = ω 2 10 − 2iω 10 (Γ − Γ 0 ) − Γ 2 is the complex Rabi frequency. In the limit ω 10 ≫ Γ 1 , we have
This simple formula is consistent with the known experimental data and the theoretical description of a partial-collapse measurement 6,18,19 . The probability of escape from either |1 or |0 is given by
and in the same limit as above, ω 10 ≫ Γ 1 , we obtain
As one can see, the tunneling into the continuum is described by a doubleexponential decay function P esc . This behavior of the probability of escape was observed in the experiment on measurement of dissipation-induced decoherence in a Josephson junction 20 . While the contribution of the off-diagonal term, Γ 01 , in the experiments discussed above is negligible, it can be more significant in the fast readout measurement of the phase qubit with a duration of measurement of approximately ∼ 3ns 21 . To estimate the contribution of the non-diagonal term, Γ 01 , we introduce the 
function, F (t), which characterizes the difference in probabilities when Γ 01 = 0 and Γ 01 = 0:
F (t) = ρ 11 (Γ 01 , t) − ρ 11 (0, t) ρ 11 (0, t) .
In Fig. 4 we present the results of computation for fast readout with the parameters being chosen as in 21 : Γ 1 = 0.1GHz, ω 10 /2π = 5GHz and Γ 1 /Γ 0 = 150. One can see that, depending on the initial conditions, the contribution from the interaction between the two tunneling channels can be up to ≈ 0.1%.
Concluding remarks
In conclusion, we have presented a non-Hermitian description of the dynamics of measurement of a supeconducting phase qubit. We have shown that our theoretical predictions are in a good agreement with the experimental data obtained in various experiments on superconducting phase qubits. We believe that the approach based on non-Hermitian Hamiltonians can simplify the theoretical description of the dynamics of the phase qubit measurement by tunneling to the continuum (in many cases and especially for a multi-qubit register).
